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Abstract: In this paper, we prove the algebraic K-theory Novikov conjecture 
for group algebras over the ring of Schatten class operators. The main technical 
tool in the proof is an explicit construction of the Connes-Chern character. 

1 Introduction 

Let T be a group and R be an H-unital ring. Let RT be the group algebra 
of the group T over the ring R. The isomorphism conjecture of Farrell- Jones 
states that the following assembly map is an isomorphism: 

A : H^iEvcy^KiR)- 00 ) — ► K n (RF), 

where VCy is the family of virtually cyclic subgroups of T, E VC y(X) is the 
universal T-space with isotropy in VCy, H® rT (E V cy(T) , K(R)~°°) is a general- 
ized T-equivariant homology theory associated to the non- connective algebraic 
K-theory spectrum K(i?) _oc , and K n (RT) is the algebraic K-theory of RT. 

The isomorphism conjecture provides an algorithm for computing the alge- 
braic K-theory of RT in terms of the algebraic K-theory of R. This conjecture 
was introduced in [FJ1] for R = Z and for unital rings R in [BFJR]. When 
R is H-unital, the isomorphism conjecture follows from the unital case by us- 
ing the excision theorem in algebraic K-theory [SW]. The algebraic K-theory 
*The author is partially supported by NSF. 



isomorphism conjecture goes back to [H]. There are analogous conjectures in 
L-theory [Ql] [Q2] and C*-algebra K-theory [BC1]. Important cases of the 
isomorphism conjecture have been verified in [FJ1] [FJ2] and [BLR]. 

The algebraic K-theoretic Novikov conjecture states that the assembly 
map: 

H n (Br,K(R)-°°)^K n (Rr), 

is rationally injective, where -Br is the classifying space of the group T. The 
algebraic K-theoretic Novikov conjecture follows from the (rational) injectivity 
part of the isomorphism conjecture. By a remarkable theorem of Bokstedt- 
Hsiang-Madsen [BHM], the algebraic K-theoretic Novikov conjecture holds for 
R — Z if the homology groups of T are finitely generated. 

The main purpose of this paper is to prove the (rational) injectivity part 
of the algebraic K-theory isomorphism conjecture for group algebras over the 
ring of Schatten class operators. As a consequence, we obtain the algebraic 
K-theory Novikov conjecture for group algebras over the ring of Schatten class 
operators. The motivation for considering group algebras over the ring of 
Schatten class operators comes from the deep work of Connes-Moscovici on 
higher index theory of elliptic operators and its applications to the Novikov 
conjecture [CM]. In Connes-Moscovici's higher index theory, the K-theory of 
the group algebra over the ring of Schatten class operators serves as the re- 
ceptacle for the higher index of an elliptic operator. 

For the convenience of readers we recall that, for any p > 1, an operator 
T on an infinite dimensional and separable Hilbert space H is said to be 
Schatten p-class if tr((T*T) p / 2 ) < oo, where tr is the standard trace defined 
by tr(P) = < Pe n ,e n > for any bounded operator P acting on H and 
an orthonormal basis {e n } n of H (tr(P) is independent of the choice of the 
orthonormal basis). Let S p be the ring of all Schatten p-class operators on an 
infinite dimensional and separable Hilbert space. We define the ring S of all 
Schatten class operators to be U p >iS p . 
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The following theorem is the main result of this paper. 



Theorem 1.1. Let S be the ring of all Schatten class operators on an infinite 
dimensional and separable Hilbert space. The assembly map 

A : tf^ r (£ vcy (r),K(<S)-°°) — ► K n (ST) 

is rationally injective for any group T, where ST is the group algebra of the 
group T over the ring S. 

As a consequence, we obtain the algebraic K-theoretic Novikov conjecture 
for the group algebra ST. 

The main technical tool in the proof of Theorem 1.1 is an explicit con- 
struction of a Connes-Chern character using an equivariant cyclic simplicial 
homology theory. As a consequence of this explicit construction, we obtain 
a local property of the Connes-Chern character. This local property of the 
Connes-Chern character plays an important role in the proof. 

This paper is organized as follows. In Section 2, we collect a few preliminary 
results which will be used later in the paper. In Section 3, we reduce our main 
theorem to the case of lower algebraic K-theory. In Section 4, we introduce a 
cyclic simplicial homology theory to construct a Connes-Chern character. The 
Connes-Chern character plays a crucial role in the proof of the main theorem. 
We use the explicit construction of the Connes-Chern character to prove an 
important local property of the Connes-Chern character for K-theory elements 
with small propagation. In Section 5, we prove the main theorem of this paper. 

The author wishes to thank Alain Connes, Max Karoubi, Xiang Tang, An- 
dreas Thorn, Shmuel Weinberger, and Rufus Willett for inspiring discussions 
and very helpful comments. 

2 Preliminaries 

In this section, we collect a few concepts and results useful for this paper. 

Let R be a ring and let R + be the unital ring obtained from R by adjoining 
a unit. The ring R is defined to be H-unital if Tor? + (Z, Z) = for all i. The 
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importance of H-unitality is that it guarantees excision in algebraic K-theory 
[SW]. 

If R is a Q-algebra and Rq is the unital Q-algebra obtained from R with 

R + 

the unit adjoined, then R is H-unital if and only if Tor i Q (Q, Q) = [SW]. 
The following result follows from [Wl] and Theorem 8.2.1 of [CT]. 

Theorem 2.1. S is H-unital. 

By Theorem 7.10 in [SW], we have: 

Theorem 2.2. If R is H-unital, then RT is H-unital for any group T. 

As a consequence, we obtain that ST is H-unital. 

Recall that a ring R is called X^-regular if the natural map: 

K n {R) -+K n (R[h,--- ,t m \), 

is an isomorphism for each m > 1. We say that R is K in * -regular if R is 
1^ -regular for all n. 

The following result is a special case of Theorem 6.5.3 in [CT]. 

Theorem 2.3. S is K m f -regular. 

The following result follows from the proof of Proposition 2.14 in [LR]. 
Proposition 2.4. If R is K mf -regular, then the natural map: 

H° rr (E Tm (r)MRr°°) H^ r (E VC y(T),K(Rr^), 

is an isomorphism, where TXM is the family of finite subgroups of T and 
Ettn(F) is the universal T-space with isotropy in TXM . 

The above proposition implies that the isomorphism conjecture for the ring 
S is equivalent to the statement that the assembly map: 

A : H^ r (E m (r),K(S)-°°) K n (ST), 

is an isomorphism and Theorem 1.1 is equivalent to the statement that the 
above assembly map is rationally injective. 

By a result in [CT], we know that K n (S) is 2-periodic and K (S) = Z and 
Ki(S) = 0. This implies that the domain of the assembly map A in Theorem 
1.1 is rationally isomorphic to ® k even H°f k (Ejr XN (T),<Q). 
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3 Reduction to the lower algebraic i^-theory 



case 

In this section, we prove the following reduction result. 

Proposition 3.1. Theorem 1.1 follows from the following special case of the 
theorem for lower algebraic K-theory: i.e. the assembly map 

A : H° rr (E vcy (r),K(Sm -»> K n (ST) 
is rationally injective for n < 0. 

Proof. By Proposition 7.2.3, Remark 7.2.6 and Theorem 8.2.5 in [CT], we have 
K n (S) = Z when n is even and K n (S) =0 when n is odd. It follows that 

H_ 2 (pt,K(S)-°°) = Z. 

By definition, the assembly map: 

A: ff_ 2 (pt,K(5)-°°) -+K- 2 (S) 

is an isomorphism and it maps the generator z of if_ 2 (pi, K.(S)~°°) to the 
Bott element of K_ 2 (S) (denoted by b). For any positive integer k, we can 
use the product operation to construct the Bott element b k in K_ 2k (S), where 
the product is defined using a natural (injective) homomorphism S <S> S — > S 
induced by the homomorphism S(H) ® S(H) — > S(H <S>H) and the isomor- 
phism S(H ® H) = S(H) (here H is an infinite dimensional and separable 
Hilbert space, S(H) and S(H ® H) respectively denote the rings of Schatten 
class operators on H and H <g> H , and S <S> S is the algebraic tensor product 
of S with S). 

When n = 2k, we have the following commutative diagram: 
tff- r (£ VO ;(r),K(S)-~ ) 4 K n (ST) 

\-Xz k \-xb k , 

H^ T {E V cy{r),K{S)-°°) 4 K (ST) 
where the vertical product maps are well defined with the help of a natural 
homomorphism S <8> <S — > S and Theorems 2.1 and 2.2. By Theorems 8.2.5 
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and 6.5.3 in [CT] and Theorem 8.3 (the Bott periodicity) in [Cu2], we know 
that the Bott element b k is a generator of K_ 2 k{S). It follows that the product 
map 

HiiptMSY 00 ) ^4 H^ 2k { P tMsr°°) 

is an isomorphism for every integer i. This implies that the product map 

is an isomorphism by using the fact that both homology theories 
{H° rV ( ■ ,K(S)~°°)}i e z and {Hfj 2k ( ■ , K(S)-°°)}, eZ have a Mayer- Vietoris 
sequence and a five lemma argument. 

When n — 2k + 1, we have the following commutative diagram: 

i# rr (^ C3 ,(r),K(S)-°°) 4 K n (ST) 

ff3 r (£vcy(r),K(S)-~) 4 K-^sr) 

where the vertical product maps are well defined with the help of a natural 
homomorphism S ®S — > S and Theorems 2.1 and 2.2. By the same argument 
as in the even case, we know that the product map 

fc + 1 

HifaKiS)- 00 ) ^ # M2fe+2) (p*,K(<S)-°°) 

is an isomorphism for every integer i. This fact, together with a standard 
Mayer- Vietoris sequence and five lemma argument, implies that the product 
map 

fc + 1 

i^ r (Wr),K(S)-~) ^ H°f 2k+2) (E VC y(r),K(sr°°) 

is an isomorphism. 

Now Proposition 3.1 follows from the above commutative diagrams and the 
fact that the left vertical maps in the diagrams are isomorphisms. □ 
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4 Cyclic simplicial homology theory and the 
Connes-Chern character 



In this section, we introduce an equivariant cyclic simplicial homology theory 
to construct the Connes-Chern character for K n (ST) when n < 0. The Connes- 
Chern character is a key tool in the proof of the main theorem. We use this 
explicit construction to prove an important local property of the Connes-Chern 
character for K-theory elements with small propagation. This local property 
will be useful in the proof of the main theorem. 

Let X be a simplicial complex. Let a be a simplex of X. Define two 
orderings of its vertex set to be equivalent if they differ from each other by an 
even permutation. Each of the equivalence classes is called an orientation of 
a. If {v , Vk} is the set of all vertices of a, we use the symbol [v , ■ ■ ■ ,Vk] to 
denote the oriented simplex with the particular ordering (t> , • • • ,t> fc ). 

A locally finite /c-chain on X is a formal sum 



where 

(1) the summation is taken over all orderings (t> , • • • ,Vk) of all /c-simplices 

{^o, • • • , v k } of X and C(„ ,...,„ fc ) G C; 

(2) [vq, ■ ■ ■ ,Vk] is identified with —[v' Q , ■ ■ ■ ,v' k ] in the above sum if (i> , • • • ,Vk) 
and (v' Q , ■ ■ ■ ,v' k ) are opposite orientations of the same simplex; 

(3) for any compact subset K of X, there are at most finitely many ordered 
simplices (vo, ■ ■ ■ ,Vk) intersecting K such that C(„ 0j ... jt , fc ) ^ 0. 

Let Ck(X) be the abelian group of all locally finite /c-chains on X. 



be the standard simplicial boundary map. We define the locally finite simpli- 
cial homology group: 




(yo,— ,vk) 



Let 



8 k : C k (X) C k -i{X) 



H n {X) = Ker djlm d, 



'n+l- 
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If X has a proper simplicial action of T, let C%(X) C Ck(X) be the abelian 
group consisting of all T-invariant locally finite /c-chains on X. 



be the restriction of the standard simplicial boundary map. We define the 
locally finite T-equivariant simplicial homology group: 



Without loss of generality, we can assume that T is a countable group (this 
is because every group is an inductive limit of countable groups). We endow T 
with a proper left invariant length metric (here properness simply means that 
every ball with finite radius has finitely many elements). We remark that such 
a proper length metric always exists for any countable group. For each d > 0, 
the Rips complex Pd(T) is the simplicial complex with T as its vertex set and 
where a finite subset {70, • • • , 7„} of T forms a simplex iff d^i, 7^) < d for all 
< i,j < n. It is not difficult to show that U^>i-Pd(r) is a model for Ejr X j^{T). 

To motivate the general construction of the Connes-Chern character, we 
shall first consider the special case when Y is torsion free. 

Let A(T,S) be the algebra of all kernels 



such that 

(1) for each k, there exists r > such that k(x,y) = if d(x,y) < r (the 
smallest such r is called the propagation of k); 

(2) k is T-invariant, i.e. k(gx,gy) = k(x,y) for all g e F and (x, y) G V x T; 

(3) The product in A(T,S) is defined by: 



Let 



d T k : Cl(X) CU(X) 



H T n (X) = Ker d r JIm d r n . 



k : r x r ->■ s 




We identify ST with ^4(r,iS) by the isomorphism: 
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where s g G S for each g G V. For each p > 1, we can naturally identify 5 p r 
with A(T,S P ), where A(T,S P ) is defined by replacing S with iS p in the above 
definition of A(T,S). 

We shall first define the Connes-Chern character for a countable torsion 
free group T 

c : K (S 1 F) -> lim (0 n e „ eri H^(P d (F))) 

by: 

[<?] - [go] -> 

X] 5^ * r (9(aJo,aJi)5(aJi,a?2) • • ■ q(x n , x ))[x , ■ ■ ■ ,x n ], 

n even (xo,--- ,x n ) 

where Pd(X) is the Rips complex and q is an idempotent in M m ((SiT) + ) , q = 
q + qo for some q G M m (SiT) and idempotent go G M m (C), and the summation 
is taken over all orderings (xo, • • • , x n ) of all n-simplices {xo, • ■ • , x n } of -Pd(r) 
for some d large enough such that q(x,y) = if d(x,y) > d/2. 

Proposition 4.1. Let T be a countable torsion free group. The Connes-Chern 
character c is a well defined homomorphism from Kq{S\Y) to 
lim d 

-^oo(©n even 

Proof. We first observe that c([q] — [go]) is T- invariant by using the T-invariance 
of q. 

For each even n, we shall prove that 

d n( ^2 tr (Q( x o,x 1 )q(x 1 ,x 2 ) ■ ■ ■ q(x n , x ))[x , ■ ■ ■ ,x n ]) = 0. 

This implies that c([q] — [go]) is a cycle. 

We leave to the reader the proof that the homology class of 

^2 tr (tffao, Zi)g(a:i, x 2 )--- q(x n , x ))[x , ■■■ ,x n ] 

n even (xo,--- ,x„) 

depends only on the K-theory class [q] — [go]. 

By the assumption that g and g are idempotents, we have 

q 2 = q-qoq- qqo- 
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It follows that 

d n( ^ M^O^lM^l,^) • • ■ q(x n , X ))[X , ■ ■ ■ ,X n ]) = 
(x ,"- ,x„) 

n 

^2 tr(q(x ,x 1 )q(x 1 ,x 2 )---q 2 (x i - 1 ,x i+1 )---q(x n ,x ))[x ,--- 
+ ^2 tr (q( x ii x 2) ■ ■ ■q 2 (x n ,x 1 ))[x 1 , ■ ■ ■ ,x n ] = 



^2(~ X y tr(q(xo,x 1 )q(x 1 ,x 2 )---q(x i _ 1 ,x i+1 )---q(x n ,Xo))[xo,--- 

i x%i i x n \ 

i = 1 (XO,— ,Xj,-,X„) 

+ 5^ ^(9(^1,^2) • • • • • ,X n ] ~ 



, Xii , X n 

i=1 {XO,— ,£i,--- >X n ) 

+ ^(5(^1^2) •• -gogfan^i)) [xi, ••• ,x„] + 

(xi,-- ,x„) 

1)' tr (q( x o, x 1 )q(x 1 ,x 2 ) ■ ■ ■ q(xi_ 1: x i+1 )q ■ ■ ■ q(x n , x ))[x Q , ■ ■ ■ 

, Xi) , X n \ 

i = 1 (XO,-" >Xj,-" ,x n ) 

+ X] ^(9(^1^2) •• £i)<7o)[zi, ••• ,£„]). 

(xi,--- ,x„) 

Using the trace property and the definition of oriented simplices and the as- 
sumption that n is even, we have 

^2 tr(q(x ,x 1 )q(x u x 2 ) ■ ■ • 9(^-1, x i+1 ) ■ ■ ■ q(x n , x ))[x , ■ • • , x i: ■ ■ ■ , x n \ = 0, 

(XO/-- ,Xi,— ,x„) 

ir(g(xi,a;2) • • • g(x„, a;i))[xi, • • • ,x n ] = 0, 

(xi,— ,x„) 

^2 (tr(q(x ,x 1 )q(x 1 ,x 2 ) ■ ■ ■ 909(^-1, x i+1 ) ■ ■ ■ q(x n , x ))[x , ■ • • , • • • , x n ] + 

tr(q(x , x 1 )q(xi,x 2 ) • • • 9(^-1, Zj+i) 90 • • • q(x n , x ))[x , ■ ■ • , x t , • ■ • , x n \) = 0, 
(tr(q(x u x 2 ) ■ ■ ■q q(x n ,x 1 ))[x 1 , ■■■ ,x n ] + 

*r(g(xi,a;2) • • • q(x n , Xi)q Q )[xi, ■ ■ ■ ,x n ]) = 0. 

□ 
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Using the definition of lower algebraic K-theory, we can similarly define 
the Connes-Chern character: 

c : Ki&V) ->• Jim (® n+l even H*(P d (r))) 

a— >oo 

for each % < 0. 

Next we extend the construction of the Connes-Chern character to the S p 
case for p > 1 when T is torsion free: 

c : X (S p r) ->• lim (® fc ei)en F fc r (P,(r))). 

a— >oo 

We need to introduce an equivariant cyclic simplicial homology group to 
define the Connes-Chern character. 

Let X be a simplicial complex. An ordered /c-simplex (vq, • • • , Vk) is defined 
to be an ordered finite sequence of vertices in a simplex of X, where i>j is allowed 
to be equal to Vj for some distinct pair of i and j. 

Recall that the following permutation is called a cyclic permutation 

(u , -,Ufc) ->• (y k ,v , ■ ■ ■ ,Ufc_i). 

We define two ordered simplices (t>o, • • • , f fc) and (i>q, • • • , v' k ) to be equivalent 
if one ordered simplex can be obtained from the other ordered simplex by 
any number of cyclic permutations when k is even and by an even number of 
cyclic permutations when k is odd. Each of the equivalence classes is called a 
cyclically oriented simplex. If (i> , Vk) is an ordered simplex of X, we use the 
symbol [v , ■ ■ ■ ,Vk}\ to denote the corresponding cyclically oriented simplex. 
A locally finite cyclic /c-chain on X is a formal sum 

^2 c («o.-.«*)[ u o, " ' " , v k\\, 

(VO,- ,Vk) 

where 

(1) the summation is taken over all ordered simplices (v , ■ ■ ■ ,Vk) of X and 

C («o, -,Vk) ^ 

(2) [vo, • • • , Vk}\ is identified with (— l) h [vk, vq,--- , Vk-i}\ in the above sum; 

(3) for any compact subset K of X, there are at most finitely many ordered 
simplices (v , ■ ■ ■ ,Vk) intersecting K such that C(„ 0j ... jt , fc ) ^ 0. 
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Let C£(X) be the abelian group of all locally finite cyclic /c-chains on X. 

Let 

d x k : Cl{X) C*_iP0 

be the standard boundary map. 

We define the cyclic simplicial homology group: 

H*(X) = Ker d x JIm d x n+1 . 

If X has a simplicial proper action of a group T, we can define (X) C 
C£(X) to be the subspace of all T-invariant locally finite cyclic /c-chains on X. 
Let 

be the restriction of the standard boundary map. 

We define the T-equivariant cyclic simplicial homology group H^' r (X) by: 

H^ r (X) = Ker d x //Im d^ v 

The following result computes the T-equivariant cyclic simplicial homology 
group in terms of the T-equivariant simplicial homology groups. 

Proposition 4.2. Let T be a group. Let X be a simplicial complex with a 
proper simplicial action ofT. We have 

-^n' r (^) — (®k<n, k=n mod 2 H\{X)). 

Proof. Let C^f (X) be the subspace of C^' r (X) consisting of all T-invariant 
locally finite cyclic /c-chains 

^2 c (v ,-,v k )[vo, ■ ■ ■ ,v k }\ 

(vo,- ,v k ) 

such that if C(„ 0) ... )Ufc ) 7^ 0, then Vi 7^ Vj for any distinct pair of i and j. 
We have 

d X /(C^(X)) C C X ;UX). 
We denote the restriction of d£' r to C s A f (X) by 9jf . 
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We define a new homology group: 

H^(X) = Ker d^/Im d^ +1 . 

By a standard Mayer- Vietoris and five lemma argument, it is not difficult 
to prove that the natural map from H^(X) to H^(X) is an isomormphism. 
There is a natural chain map 

induced by the map: 

bo, • • • , v k ] x ->■ [v Q , w , «o, • • • , v k ]\, 

where [v , ■ ■ ■ ,Vk]\ is a cyclically oriented simplex such that Vi ^ Vj for any 
distinct pair of i and j. 

Similarly we can construct a chain map 

if I > k and Z — k is even. 

Using the above chain maps, we construct a chain map: 

The above chain map induces an isomorphism on the homology groups since 
both homology theories satisfy the Mayer- Vietoris sequence and the chain map 
induces an isomorphism at the homology level if X = Y/F as T-spaces for some 
finite subgroup F of Y. □ 

We now define the Connes-Chern character for a countable torsion free 
group T 

c : K (S P Y) -+ hm ( lim H^ T (P d (Y))), 

a— >oo n even,n— >oo 

where Y is endowed with a proper length metric. 

Let q be an idempotent in M m ((S p Y) + ) and q — q + q for some q G 
M m (S p Y) and idempotent q G M m (C). We identify q with an element in 
A(Y, S p ) (note that A(Y, M m (S p )) is isomorphic to A(Y, S p )). Let d be greater 
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than or equal to twice the propagation of q, i.e. q(x,y) = if d(x,y) > d/2. 
Let n be an even integer satisfying n > p and n > dim(P d (T)) , where Pd(X) is 
the Rips complex. 

The Connes-Chern character of [a] — [go] is defined to be homology class of 
^2 tr(q(x ,xi) ■ •■q(x n ,x ))[x , ■ ■ ■ ,x n }\ E H*' r (P d (T)), 

(xo,--- ,x„) 

where the summation is taken over all ordered n-simplices (x , • • • ,x n ) of 

We remark that the choice of n guarantees that the trace in the above 
definition of the Connes-Chern character is finite. 

By Proposition 4.2, the above Connes-Chern character induces a Connes- 
Chern character: 

c : K {S P T) -> lim (©„ even H^(P d (T))). 

Proposition 4.3. Let T be a countable torsion free group. The Connes-Chern 
character c is a well defined homomorphism from K (S p r) to 

hm^— s-oo (®n even 

The proof of the above proposition is similar to the proof of Proposition 
4.1 and is therefore omitted. Note that when p — 1, the above definition of 
the Connes-Chern character coincides with the prior definition of the Connes- 
Chern character. 

Next we shall construct the Connes-Chern character for a general group T. 
Let Y fi n be the set of all elements with finite order in V. The group T acts 
on V fi n by conjugations: 

7 • x — 7ary~ 1 

for all 7 E T and x E T f in . 

Let X be a simplicial complex with a proper simplicial action of T. Equip 
the vertex set V(X) of X with a T-invariant proper pseudo metric dy. Let T 
act on Y fi n x X diagonally. 

Let r > 0. For each g E Tf in , we define X g r to be the simplicial subcomplex 
of X consisting all simplices {v , ■ ■ ■ ,v p } satisfying d v (vi,gvi) < r for all 
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< i < p. 

For each ordered simplex (v , ...,ffc) of X g>r , we define the following trans- 
formation to be a g-cyclic permutation 

(v , ...,v k ) (gv k ,v , ■ ■ ■ ,u fc _i). 

We define two ordered simplices (vq, ■ ■ ■ ,v k ) and (v' Q , ■ ■ ■ ,v' k ) of X gr to be 
^-equivalent if one ordered simplex can be obtained from the other ordered 
simplex by any number of ^-cyclic permutations of ordered simplices in X g , r 
when k is even and by an even number of ^-cyclic permutations when k is 
odd. Each of the equivalence classes is called a ^-cyclically oriented simplex. 
If (vo, Vk) is an ordered simplex of X 9tr , we use the symbol [vq, ■ ■ ■ , Vk]\, g to 
denote the corresponding ^-cyclically oriented simplex. 

We define C kr (X) to be the abelian group of all locally finite /c-chains: 

,v k )A v 0i ' ' ' i v k]\,g), 

9^ fin (v ,---,V k ) 

where 

(1) the second summation is taken over all ordered simplices (vq, ■ ■ ■ ,Vk) of 
X gtr and c {vo ... yVk) , g E C; 

(2) [vo, • • • , Vk\\ >g is identified with (— l) k [gvk, v , ■ ■ • , Vk-i]\, g in the above sum; 

(3) for each g 6 Tj jn and any compact subset K of X, there are at most finitely 
many ordered simplices (vq, ■ ■ ■ ,Vk) intersecting K such that C( VQj ... iVk ) j9 ^ 0. 

The diagonal action of Y on Y f in x X induces a natural T- action on C kr (X) . 
Let Cfr'r(X) C C^ r (X) be the abelian group consisting of all T-invariant k- 
chains in C% (X). 

We have a natural boundary map: 

We define the following equivariant homology theory by: 

B$(X) = Ker dtf/Im d^ r . 
When T is torsion free, Yf in consists of the identity element and we have 

H£(X) = H^(X). 
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For each r > 0, let X r be the simplical subspace of Tf in x X defined by: 

X r = {(g,x) G T fin x X : x e X 9:r }. 

The diagonal action of r on rj m x J induces a natural T-action on X r . 
We define 

The following result computes our new equivariant homology theory of the 
Rips complex in terms of the (locally finite) equivariant simplicial homology 
theory. 

Proposition 4.4. Let T be a countable group with a proper length metric. We 
have 

Jim lim H^(P d (r)) = Jim lim (® k < n , k=n mod 2 (P d (r))). 

Proof. Let X be a simplicial complex with a proper and cocompact action of 
T. We define an equivalence relation ~ on the chain group C^(X) as follows. 
Two chains z and z' in C^(X) are said to be equivalent if 

Z= Yl Y C (vo,-,v k ),g[v ,--- ,V k ] X ,g), 

9&fin (vo,— ,V k ) 

z ' = Y Y C (vo,-,v k )A v 0>'" XKg), 

9^ fin (V0,-,V k ) 

and for each < i < k there exists an integer j such that v\ = g^Vi. 

Let C^(X) be the chain group C$(X)/ ~. We define M^' r r (X) to be the 
n-th homology group of C^(X). 

The quotient chain map from C^(X) to C^(X) induces a homomor- 
phism 

0,:H^(X)^i^(X). 

We observe that the cocompactness of the T action on X implies that, for 
each r > 0, there exists N > such that if g G Tf in and X g r is nonempty 
then the order of the group element g is bounded by N. As a consequence, for 
any d > and r > 0, there exist d! > d and r' > r such that, for any g ETf in 
and any simplex in (Pd(r)) fljr with vertices {i>o, • • • ,ffc}, the simplex with 
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vertices {g l °vo, ■ ■ ■ , g %k Vk ■ 1 < ij < N, < j < k} is a simplex in (P d i(T)) g y. 
This implies that is a chain homotopy equivalence from the chain complex 
lim d _ ) . 0O lim r _ s . 0O C^(P ci (r)) to the chain complex lim^oo lim^oo C^(P d (T)) 
with a homotopy inverse chain map ip from lim^oo lim r ->.oo {P d {Y)) to 
lim^oo lim r _ >00 C^(P d (r)) defined by 

^([ Yl S V,«^[«0'- > u *kfl)D = 

g&ftn (V0,— ,V k ) 

96r /in (uo,-,Ufc) 3 »o,-,ifc=l 

for each [J2ger fin (9:J2( Vo ,.., Vk )C(vo,-,v k ), 9 [ v O:--- ,v k }x, g )} in 

lim^oo limr^oo C^(Prf(r)), where n g is the order of the group element g. It 
follows that the homomorphism 0* is an isomorphism from 
lim^oo lim 

r— too 

H£f(P d (r)) to lim^lim 

r— s-oo % r (^(r)). 

Two vertices v and t> ' of X 9ir are defined to be equivalent if v — g j v' for 
some j. We denote the equivalence class of v by [v]. 

We define X g ^ r to be the simplicial complex consisting of simplices { [v ] , • • • , [vk] } 
for all simplices {vo, ■ ■ ■ ,Vk} in X 9tr . 

Let 

x r = {(g,x) : 5 e r /in ,x e x 9 , r }. 

By an argument similar to the proof of Proposition 4.2, we have the fol- 
lowing isomorphism: 

lim lim H^(P d (r)) = lim lim (© fc < n , k=n mod 2 P^((S(fj) r )). 

a— s-oo r— >oo d— s-oo r— s-oo 

Finally we observe that the natural homomorphism 
lim lim (© fc <«, fe=« mod 2 Hl£ (P d (r))) ->■ lim lim (© fc < n , fc=n mod 2 H^((P d (T)) r )) 

a— too i — S-oo d— s-oo r— >oo 

is an isomorphism. □ 
Let T be a countable group with a proper length metric. Let X be a 
simplicial complex with a proper and cocompact action of T. Let X be the 
subspace of Tf in x X defined by: 

X = {(g,x) G T fin x X : gx = x}. 

17 



The diagonal action of r on Tf in x X induces a natural T-action on X. Note 
that X is a simplicial complex with a simplicial action of T. 
We define 

Ml(X) = H T k (X). 

We remark that EI^(X) is the equivariant homology theory of Baum- 
Connes [BC2]. 

Proposition 4.5. Let T be a countable group with a proper length metric. We 
have 

Jim lim Ml r (P d (r)) = Jim M r n (P d (T)). 

Proof. Let X be a simplicial complex with a proper and cocompact action of 
T. For each finite subset F C Tf in , let 

F' — {ifi' 1 : 7 e r, / e f}. 

For each g <ETf in and r > 0, we define X g r to be the simplicial subcomplex 
of X consisting of simplices with vertices 

{g jo v ,--- ,g jk v k : Jl e Z} 

for all simplices {vo, ■ ■ ■ ,Vk} in X 9tr . 
We let 

X F = {(g, x) E F' x X : gx = x}, X F>r = {(g, x) e F' x X : x E X g , r }. 

We have an inclusion map 

i : P d (T) F (P/(r)) Fr . 

The map « induces a homomorphism 

i, : Jim M T n (P d (T)) Jim lim E[£ (P d (r)). 

By the definition of (P^(r)) Fr , for each d > and r > 0, there exists c > 
such that, for every point (<?,£) in (Pd(r)) Fr , x is within distance c from a 
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fixed point of g. It follows that, for each d > and r > 0, there exist d! > d 
and a continuous map 

4 : (p/(r)) F>r (p/(r)) F 

such that if we write ip(g,x) = (g,tp'(x)), then we have 

sup{d(^'(a;),a;) : (#,z) G (P d ,(T)) F } < oo, 

where d is the restriction of the simplicial metric on Pd(T). 
The map ip induces a homomorphism 

^ : lim lim M^ r (P d (r)) lim H^(P d (r)). 

Using linear homotopies, it is not difficult to check that and ^ are 
inverses to each other. □ 
We are now ready to define the Connes-Chern character for a general group 

r : 

c: K (ST) — ► lim(©„ e , en w T n (p d (r))). 

d—-co 

It suffices for us to define 

c : K (S P T) — > lim (© 

a— >oo 

for each p > 1. 

Let g be an idempotent in M m ((iS p r) + ) and g = g + go for some g G 
M m (iS p r) and idempotent g G M m (C). Let d be greater than or equal to 
twice the propagation of q, i.e. q(x,y) = if d(x,y) > d/2. Let n be an 
even integer satisfying n > p and n > dim(P d {T)) ) where Pd(T) is the Rips 
complex. 

The Connes-Chern character of [q] — [q ] is defined to be homology class of 
^2 (9, tr (^( x o, x i)---Q( x n,9' 1 x ))[x or --,x n }xJeM^ r d (P d (T)), 

9^ fin (xo,— ,X„) 

where the summation $^( xo ... x „) * s taken over all ordered n-simplices of (Pd(T)) 9t d- 
We remark that the choice of n guarantees that the trace in the above defini- 
tion of the Connes-Chern character is finite. 
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By Propositions 4.4 and 4.5, the above Connes-Chern character induces a 
Connes-Chern character: 

c : K (S p F) -> lim (©„ e „ en M r n (P d (F))). 

a— >oo 

The proof of the following proposition is similar to the proof of Proposition 
4. 1 and is therefore omitted. 

Proposition 4.6. Let T be a countable group. The Connes-Chern character c 
is a well defined homomorphism from K (S P T) to 
\im d 

— >oo(©n even 

Using the definition of lower algebraic K-theory, for each p > 1, we can 
similarly define 

C : Ki(S p r) -)■ lim (® n+ i even ^(P d (P))) 
a— >oo 

for each % < 0. 

Finally, with the help of the equality *S = U p >iiS p , we obtain a Connes- 
Chern character 

c : ^(<sr) -)■ lim (® n+J raen e^(p d (r))) 

a— s-oo 

for each i < 0. 

Notice that when T is torsion free, T f in consists only of the identity element 
and the above definition coincides with the prior definition for the torsion free 
case. 

In the rest of this section, we study a local property of the Connes-Chern 
character for K-theory elements with small propagations. This local property 
will play an important role in the proof of the main theorem of this paper. 

We shall need a few preparations to explain the concept of propagation in 
a continuous setting. Let X be a T-invariant simplicial subspace of Pd Q (T) for 
some d > 0. Endow -Pd (r) with a metric d such that its restriction to each 
simplex is the standard metric and (£(71,72) < dr(7i,72) f° r & U 7i an d 72 in 
T C P do (r), where d r is the proper length metric on T. Let X be given the 
simplicial metric of P do (T). Let if be a Hilbert space with a T- action and let 
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be a *-homomorphism from Cq(X) to B(H) which is covariant in the sense 
that (f>(rff)h = (7(0(/))7 _1 )/i for all 7 G T, f G C (X) and he H. Such a 
triple (Co(X),r, 0) is called a covariant system. 

The following definition is due to John Roe [Roe]. 

Definition 4.7. Let H be a Hilbert space and let (ft be a *-homomorphism 
from Cq{X) to B(H), the C* -algebra of all bounded operators on H . Let T be 
a bounded linear operator acting on H . 

(1) The support of T is defined to be the complement (in X x X) of the 
set of all points (x,y) G X x X for which there exists f G C (X) and 
g G C (X) satisfying 0(/)T0(#) = and f(x) ^ and g(y) ^ 0; 

(2) The propagation ofT is defined to be: 

sup {d(x,y) : (x,y) E Supp(T)}; 

(3) Given p > 1, T is said to be locally Schatten p-class if <p(f)T and T<f>(f) 
are Schatten p-class operators for each f e C C {X), the algebra of all 
compactly supported continuous functions on X. 

Definition 4.8. We define the covariant system (Co(X), T, <p) to be admissible 
if 

(1) the Y -action on X is proper and cocompact; 

(2) is nondegenerate in the sense that (f>(Co(X))H is dense in H; 

(3) 0(/) is noncompact for any nonzero function f e Cq{X); 

(4) for each x G X, the action of the stabilizer group T x on H is regular in 
the sense that it is isomorphic to the action ofY x on 1 2 {T X )®W for some 
infinite dimensional Hilbert space W , where the T x action on l 2 (T x ) is 
regular and the T x action on W is trivial. 

We remark that condition (4) in the above definition is unnecessary if T 
acts on X freely. In particular, if M is a compact manifold and T = tti(M), 
then (C (M), T, 0) is an admissible covariant system, where M is the universal 
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cover of M and = /£ for each / G C (M) and all £ G L 2 (M). In general, 

for each locally compact metric space with a proper and cocompact isometric 
action of T, there exists an admissible covariant system (C o (X),r,0). 

Definition 4.9. For any p > 1, let (Co(X),r,0) be an admissible covariant 
system. We define C P (T,X,H) to be the ring of T -invariant locally Schatten 
p- class operators acting on H with finite propagation. 

The proof of the following useful result is straightforward and is therefore 
omitted. 

Proposition 4.10. Let T be a countable group. Let X be a simplicial complex 
with a simplicial proper and cocompact action of Y . If (C o (X),r,0) is an 
admissible covariant system, then the ring C P (T,X,H) is isomorphic to the 
ring S P T . 

For each r > 0, let X r be a T-invariant discrete subset of X such that 

(1) X r has bounded geometry, i.e. for each R > 0, there exists N > such 
that any ball in X r with radius R has at most N elements; 

(2) X r is r-dense in X, i.e. d(x,X r ) < r for every x G X; 

(3) X r is uniformly discrete, i.e. there exists k r > such that d(z, z') > k r for 
all distinct pairs of elements z and z' in X r . 

Let {U z } z( zx r be a T-equivariant disjoint Borel cover of X such that z G U z 
and diameter(U z ) < r for all z. Let Xz be the characteristic function of U z . 
Extend the ^representation to the algebra of all bounded Borel functions. 
If k G C P (T,X,H), let k(x,y) = 4>{Xx)k4>(x y ) for all x and y in X r . 

For any r > 0, let £7^ be the lOr-neighborhood of U z for each z G X r , i.e. 

U' z = {x G X : < 10r}. 

Let O r (X) = {U' z } ze x r - Note that O r (X) is an open cover of X. 

Let iV(O r (X)) be the nerve space of the open cover O r (X). We equip the 
vertex set V of the simplicial complex N(O r (X)) with the pseudo metric dy 
defined by: 

d v (W, W) = sup{d(x, y) : x G W, y G W'} 
for any pair of vertices W and W in N(O r (X)). 
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We define the Connes-Chern character 

c : K (C P (F, X, H)) -+ © n even M T n>r (N(O r (X))) 

as follows. 

Let q be an idempotent in M m (C p (T , X , H)) + ) and q = q + qo for some 
q G M m (C p (r, X, H)) and idempotent qo G M m (C). Let r be the propagation 
of g. Let n be an even integer satisfying n > p and n > dim(N(O r (X))). 

The Connes-Chern character of [q] — [q ] is defined to be homology class of 

(9, Yl tr (l( x o> x i) ' ' ' Q( x n, g' 1 ^)) [xq, ■■■ , X n ]x,g) 

9^ fin (x ,---,X„) 

in the homology group M^(N(O r (X))), where, for each g and r, (x , • • • , #n) 
denotes the ordered simplex (U xo , ■ ■ ■ ,U' Xn ) in the space (iV(O r (X))) fljr ., 
]A, fl denotes the ^-cyclically oriented simplex [U' ,U x J x , g in 
(N(O r (X)))g jr , and the summation X)(x - x„) ^ n ^ e aDove formula is taken 
over all ordered simplices in (N(O r (X))) gj1 .. 

The following proposition follows from the above definition and the proof 
of Proposition 4.1. 

Proposition 4.11. Let T be a countable group. Let X be a simplicial complex 
with a simplicial proper and cocompact action ofT. For each r > 0, let n be an 
even integer satisfying n > p and n > dim(N(O r (X))). If (C (X), T, 0) is an 
admissible covariant system, then the Connes-Chern character of an element 
in K (C P (T, X, H)) with propagation less than or equal to r > is a homology 
class in B$£(N(p r (X))). 

We identify K (S P T) with lim^oo lim^ K (C P (T, X, H)) using Proposition 
4.10, where the direct limit lim^ is taken over the directed system of all T- 
invariant, T-compact subsets of PdiX)- We also identify 

lim^_ yoo limx lim n even,n,r^oo B$(N(O r {X)))) With lim^©* even E£(P d (r))) 

using Propositions 4.4 and 4.5, where the direct limit lim^ is again taken over 
the directed system of all T-invariant, T-compact subsets of -Pd(r). The above 
Connes-Chern character induces a Connes-Chern character: 

c : K (S P T) -> lim (©* even U r k (P d (T))). 

a— >oo 
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This construction gives back the Connes-Chern character in Proposition 4.6. 

In the following corollary, we demonstrate a local property of the Connes- 
Chern character. This local property of the Connes-Chern character plays an 
important role in the proof of Theorem 1.1. 

Corollary 4.12. Let T be a countable group. Let X be a simplicial complex 
with a simplicial proper and cocompact action of Y . Let q = q + q be an 
element in M m (C p (T, X, H) + ) such that q G M m (C p (T , X , H)) , q G M m (C), 
q and go are idempotents. When the propagation of q is sufficiently small, 
c([q] — [go]) can be represented by a homology class in (Bk even Hl£(X). More 
generally for eachi < and p > 1, the Connes-Chern character of an element 
in Ki(C p (T, X, H)) with sufficiently small propagation can be represented by a 
homology class in @k+i even 

Proof. Let q = q + go be an element in M m (C p (T,X,H) + ) such that g G 
M m (C p (r , X , H)) , go G M m (C), g and go are idempotents. If the propagation 
of q is less than or equal to r > 0, then by Proposition 4.11 we know that 
c([q] — [g ]) can be represented by a homology class in M^(N(O r (X))). 
Let 

r = inf { d(gU' z , U' z ) : z G X t , geT, gU' z ^ U' z }, 

where {U' z } ze x r is the open cover O r (X) in the definition of the Connes-Chern 
character. 

Assume that r is a sufficiently small positive number for the rest of this 
proof. We have r > 0. We choose {U z } ze x r such that {U' z } zeXr is a good 
cover. 

If r < ro, then we have the following: 
[1] by the definition of W$(N(O r (X))), the homology group B$£(N(O r (X))) 
is equal to H^ T ((N{OjX)))); 

[2] by Proposition 4.2, the homology group H*' T ((N (O r (X)))) can be identified 

With ® k even ^((iV(5^X))); 

[3] by the choice of {U' z } z€ x r , the homology group H^((N(O r (X)))) is equal 
to Ml(X) for each k. 
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Now Corollary 4.12 follows from the above statements and the definition 
of the lower algebraic K-groups. □ 



5 Proof of the main result 

In this section, we give a proof of Theorem 1.1. 

By Proposition 2.4, Theorem 1.1 follows from the following result. 

Theorem 5.1. Let S be the ring of all Schatten class operators on an infinite 
dimensional and separable Hilbert space. The assembly map 

A : ^ r (E OT (r),K(5)-°°) K n (ST) 

is rationally injective for any group T. 

Proof. Without loss of generality, we can assume that T is countable (this is 
because every group is an inductive limit of countable groups). We recall that 
Ettn(X) can be identified with \J d >iP d (T). For each % < 0, composing the 
assembly map 

A : /^ r (£^(r),K(S)-°°) ^ Ki{ST) 
with the Connes-Chern character 

c : K t (ST) — > lim (©„ even H^(P d (r))), 
we obtain a homomorphism 

^ : H° rr (E TXM (r),K(sm lim (©„ e ,en E£ +i (P d (r))). 

Let C(r,X, iJ) = Up>iC p (r, X, iJ), where C P (T,X, if) is as in definition 
4.9. For each simplicial T-invariant and T-cocompact subspace X of Ejr IA f(T), 
by Corollary 6.3 in [BFJR], K-theory elements in the image of the assembly 
map 

A : #f rr (X,K(S)-°°) ->■ ^(C(r,X,iJ)) 
can be represented by elements with arbitrarily small propagation for i < 0. 
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This, together with Corollary 4.12, implies that there exists a map (still 
denoted by ipi) 

^ : ^ r (X,K(5)-°°) -> (©„ even M T n+i (X)) 
for each non-positive integer i such that the following diagram commutes: 
l^ r (X,K(S)-~) A (©„ 

if? rr (£^(r),K(S)-°° ) ^> lim^ 0O (© n even w r n+i (p d (r))) 

where i and j are respectively the inclusion maps. 

If X = Y/F as T-spaces for some finite subgroup F of T, then it is straight- 
forward to verify that ^ is an isomorphism after tensoring with C. In fact, 
both sides are naturally isomorphic to the group R(F) <S>C, where R(F) is the 
representation ring of F viewed as an additive group. Recall that, by Propo- 
sition 7.2.3, Remark 7.2.6 and Theorem 8.2.5 in [CT], we have K n {S) = Z 
when n is even and K n (S) = when n is odd. As a consequence, the homol- 
ogy theory Hf rV (X, K(S)~°°) is 2-periodic. Note that the homology theory 
© n even M^ +i (X) is 2-periodic by definition. By the proof of the Mayer- Vietoris 
sequence using the mapping cone and the definition of the Connes-Chern char- 
acter, we know the homomorphisms ipi commute with the Mayer- Vietoris se- 
quences (up to scalars) 

Using the above results, the fact that both homology theories satisfy the 
Mayer- Vietoris sequence and a five lemma argument, we can prove that the 
map 

^ : H° rT (X, K(5)-°°) (® n even ChPQ) 

is an isomorphism after tensoring with C for % < 0. This implies that the 
assembly map A is rationally injective for % < 0. Now Theorem 5.1 follows 
from Proposition 3.1. □ 
We comment that the algebraic K-theory isomorphism conjecture for the 
ring SY can be viewed as an algebraic counterpart of the Baum-Connes con- 
jecture for the K-theory of the reduced group C*-algebra of Y [BC1]. The 
Farrell- Jones isomorphism conjecture and the Baum-Connes conjecture imply 
the following conjecture. 
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Conjecture 5.1. Let K be the C*-algebra of all compact operators on an 
infinite dimensional and separable Hilbert space, let C*(T) be the reduced group 
C* -algebra ofT. The natural homomorphism 

i* '■ K n (ST) — >■ K n (C*(T) ® K) 

is an isomorphism, where C*(T) ® K is the C* -algebraic tensor product of 
C*(Y) with K and i is the inclusion map from ST to C*(T) <S> K. 

We remark that, by a theorem of Suslin-Wodzicki [SW], the algebraic K- 
theory K n {C*(Y)®K) is isomorphic to the topological K-theory K^ P (C;(T)). 
Theorem 1.1 implies that the Novikov higher signature conjecture follows from 
the (rational) injectivity of in the above conjecture. 

Finally we speculate that the (algebraic) bivariant K-theory of Cuntz, 
Cuntz-Thom and Cortinas-Thom should be useful in studying the algebraic 
K-theory isomorphism conjecture for ST [Cul] [Cu2] [CuT] [CT1]. 
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